Edge cuts leaving components of order at least m  by Ou, Jianping
Discrete Mathematics 305 (2005) 365–371
www.elsevier.com/locate/disc
Note
Edge cuts leaving components of order at least m
Jianping Ou
Department of Mathematics and Physics, Wuyi University, Jiangmen 529020, China
Received 29 April 2003; received in revised form 4 June 2005; accepted 18 October 2005
Abstract
An m-restricted edge cut is an edge cut of a connected graph which disconnects this graph with
each component having order at least m. Graphs that contain m-restricted edge cuts are characterized
in this paper if they have order at least 3m − 2. For graphs without this order restriction, we present
two necessary and sufﬁcient conditions to determine whether they contain m-restricted edge cuts.
© 2005 Published by Elsevier B.V.
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1. Introduction
All graphs appearing in this paper are simple and connected if not speciﬁed otherwise.
Let M be a network whose nodes never fail but whose edges fail independently of each
other with equal probability. If M has size  and edge failure probability p, let Ch denote the
number of its edge cuts of size h, then its reliability, the probability it remains connectedness,
can be expressed as
R(M,p) = 1 −
∑
h=1
Chp
h(1 − p)−h.
To determine the reliability, one needs only to determine all the coefﬁcients Ch. But Provan
proved in [16] that it is NP-hard to determine all these coefﬁcients.With super edge connec-
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tivity, Bauer calculated the ﬁrst (M) coefﬁcients in [1],where (M) is the edge connectivity
of network M. In order to estimate more precisely the reliability, Esfahanian introduced the
concepts of restricted edge cut and restricted edge connectivity in [6,5].
Deﬁnition 1.1. A restricted edge cut is an edge cut of a connected graph which separates
this graph into components without isolated vertices. The size of a minimum restricted edge
cut of graph G is its restricted edge connectivity.
The restricted edge connectivity of graph G is denoted by 2(G), or simply 2. With the
properties of restricted edge cut and restricted edge connectivity, Li determined in [9] the
ﬁrst 2 − 1 coefﬁcients for networks with topology being circulant graphs. To determine
more coefﬁcients, we introduced the following concepts in [11].
Deﬁnition 1.2. An m-restricted edge cut, or simply an Rm-edge cut, is an edge cut S of a
connected graph G such that every component of G − S has order at least m. The size of a
minimum Rm-edge cut of graph G is its m-restricted edge connectivity.
Denote by m(G), or simply m, the m-restricted edge connectivity of graph G. In 1988
Esfahanian and Hakimi [6] showed that a connected graph of order at least four contains
R2-edge cuts if and only if it is not a star. Graphs that containR3-edge cuts are characterized
in [13,3]; graphs that contain R4-edge cuts are also characterized in [12]. Recently Hellwig
et al. proved the following theorem [7], where m-components are connected components
of order m.
Theorem 1.3. A connected graph G contains Rm-edge cuts if and only if it contains two
vertex-disjoint m-components.
With the properties of R3-edge cuts and 3-restricted edge connectivity, Meng [10] de-
termined the ﬁrst 3 − 1 coefﬁcients for networks with topology being edge- and vertex-
transitive graphs. In [18], Wang generalized this result to networks with topology being
regular graphs. We determined the ﬁrst 4 coefﬁcients with the help of 4-restricted edge
cuts and 4-restricted edge connectivity in a recent work [14]. For more advances, the reader
is suggested to refer to [17,8,15] for example.
But so far, no general characterization of the existence of Rm-edge cuts has been found
for m4. Let A be a subset of the vertex set V (G) of graph G or one of its subgraphs; let
G\A denote the graph obtained by removing all the vertices of A from G. In this paper, we
solve partly the preceding problem by presenting the following result.
Theorem A. Let G be a connected graph. If G has order |G|3m − 2, then G contains
Rm-edge cuts if and only if G contains no such vertex w that every component of G\w has
order at most m − 1.
If we remove the restriction on the order of a graph, we obtain the following necessary
and sufﬁcient condition.We remark here that an obvious necessary condition for a graph to
contain m-restricted edge cuts is that |G|2m.
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Theorem B. Let G be a connected graph of order at least 2m. Then G contains Rm-edge
cut if and only if it has a spanning tree T such that T \w has a component of order at least
m for any vertex w ∈ V (T ).
Remark 1. Does there exist a polynomial algorithm dependent on the above theorem to
determine whether a graph contains m-restricted edge cut? This interesting problem is
presented by the anonymous referee, and we welcome a proof or disproof of it.
Before proceeding, let us introduce somemore notations and terminology.Denote by (G)
the size of graph G. For two disjoint subsets A and B of V (G) or two disjoint subgraphs of
G, let G[A] indicate the subgraph of G induced by the vertex set of A and let [A,B] stand
for the set of edges with one end in A and the other in B. We simplify [A,B] as [v, B] if
A= v and [A,G\A] as I (A). Let dG(v) denote the valence (or degree) of vertex v in graph
G, omit the sufﬁx if there is no confusion. A path from vertex u to v is denoted by P(u, v).
For other symbols and terminology not speciﬁed, we follow that of [2].
2. Characterization
In this section, we characterize graphs of order at least 3m − 2 that contain m-restricted
edge cuts. To present the main result, we deﬁne at ﬁrst a special collection of graphs.
Deﬁnition 2.1. A graph F of order n2m is called a ﬂower, if it contains a cut-vertex s
such that every component of F\s has order at most m − 1.
Call the cut-vertex s the stamen of the corresponding ﬂower and each component its
petal. Denote by Fn,m the set of ﬂowers F such that |F | = n. It is not difﬁcult to see that a
ﬂower has only one stamen and at least three petals. If every petal of a ﬂower F ∈ Fn,m is
an isolated vertex, then F is isomorphic to the star K1,n−1.
Theorem 2.2. Let G be a connected graph with |G|3m − 2. Then G contains Rm-edge
cuts if and only if G is not isomorphic to any ﬂower.
Proof. Necessity: LetT be aminimumRm-edge cut ofG; letH andF be the two components
ofG−T . Then |F |m and |H |m. Clearly, for any vertex u ∈ V (G), there is a component
in G\u that has order at least m. So G is not any ﬂower.
Sufﬁciency: Since G is connected,  |G| − 1. Prove at ﬁrst that the sufﬁciency is true
when (G) = |G| − 1. In this case, G is a tree, every edge is a cut-edge. Choose an edge
e = uv such that ||G1| − |G2|| is minimum, where G1 and G2 are the two components of
G − e with |G2| |G1|. Assume without loss of generality that u ∈ G1 and v ∈ G2.
Suppose |G1|m − 1. Clearly, v is a cut-vertex. If there is a component H in G\v with
|H |> |G1|, then ||G\H | − |H ||< ||G2| − |G1||. This contradicts the choice of edge e, so
every component of G\v has order at most |G1|m − 1 and G is a ﬂower with stamen
v. This contradiction shows that |G1|m, and so {e} is an Rm-edge cut. The sufﬁciency
follows in this case.
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When (G) |G|, by induction on (G), it sufﬁces to show that there is an edge e ∈ E(G)
such that G − e is not any ﬂower. Suppose, to the contrary, that graph G contains no such
edges. If there is a chord e in some cycle of G, then G− e is not any ﬂower since G\w − e
has the same components as G\w for any vertex w ∈ V (G) with only one exception.
Furthermore, the unique distinct component has the same vertex-set. This contradiction
implies that no cycle has chords. For a cycle C of G, call each component of G\C (that is
G\V (C)) a C-bridge. Let B be a C-bridge, each vertex of C covered by [C,B] is called an
attachment of B. It is worth noting that C-bridge B does not contain its attachments.
Claim 1. For an arbitrary C-bridge B, |B|m − 1.
Let e be an edge of C incident with one attachment of C-bridge B. Suppose by contra-
diction |B|m. If vertex w ∈ V (C), then the component of G\w − e that contains B has
order at least m; if w ∈ V (B), then all but one component of G\w − e and G\w are the
same ones; furthermore, the only distinct component has the same vertex-set. Since G is
not any ﬂower, it follows that G − e is not any ﬂower. This contradicts the hypothesis that
G contains no such edge e.
Claim 2. Bridge B has only one attachment.
Let e ∈ [B,C]. Suppose B has at least three attachments. If vertex w ∈ G\B, then
G\w − e and G\w have the same components except for one with same vertex-set; if
w ∈ V (B), by Claim 1, |B|m − 1, so the component of G\w − e that contains C has
order at least |G|−|B|3m−2−(m−1)3m−2−(m−1)=2m−1>m. The preceding
discussion shows that G− e is not any ﬂower. This contradiction implies that B has at most
two attachments.
Suppose, to the contrary, that B has exactly two attachments, say u and v; and assume
losing no generality that edge e ∈ [u,B]. Since |B|m − 1, if G − e is a ﬂower then its
stamenw /∈V (B). The only possibility isw=v since otherwise the components ofG\w−e
and G\w would have the same vertex-sets. Denote by G1 the union of the components of
G\v − e that contain neither B nor C\v, and Gc the component containing C\v. Then
V (B) ∪ V (Gc) ∪ V (G1) = V (G) − v. Since G − e is a ﬂower with stamen v, we have
|Gc|m − 1. Combining this result with Claim 1, we have
|G1| = |G| − |B| − |Gc| − 1
3m − 2 − (m − 1) − (m − 1) − 1
=m − 1. (1)
Let edge f ∈ [v, B]. Similar to the previous discussion, if G − f is a ﬂower then the only
possible stamen is u. But on the other hand, vertex u cannot be its stamen since G1 and
vertex v must be contained in the same component H of G\u − f and |H |m by (1).
Therefore, G − f is not any ﬂower if G − e a ﬂower, or G − e is not any ﬂower. Claim 2
follows from this contradiction.
Claim 3. Let B be the union of C-bridges with attachment b. Then |B|m − 2.
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Similar to the proof of Claim 1, we can show that |B|m−1. If Claim 3 is not true, then
|B|=m−1, by Claim 2 the two edges e and f ofE(C) incident with b form anRm-edge cut.
By the necessity condition of Theorem 2.2, G− e is not any ﬂower. This is a contradiction.
Claim 4. Let e = xy and f = uv be the two edges of C such that |G1| − |G2| is minimum,
where G1 and G2 are the two components of G − {e, f }. Then e and f form an Rm-edge
cut of G.
Assume without loss of generality that |G1| |G2|. To conﬁrm Claim 4, it sufﬁces to
verify that |G2|m. Suppose by contradiction that |G2|m − 1. Then
|G1|3m − 2 − (m − 1) = 2m − 1. (2)
Assume that x, u ∈ V (G1) and y, v ∈ V (G2). Denote by Gx the union of x and the
C-bridges having attachment x (by Claim 2, Gx is deﬁned). From Claim 3, we have
|Gx |m − 1. (3)
By formulae (2) and (3), we have
|G1\Gx |2m − 1 − (m − 1)m> |G2|. (4)
On the other hand,
|G2 ∪ Gx |> |G2|. (5)
From the combination of (4) and (5), we deduce that
||G1\Gx | − |G2 ∪ Gx ||< |G1| − |G2|.
But there are two edges inCwhich separate graphG into componentsG1\Gx andG2∪Gx ,
this contradicts the choice of edges e and f and Claim 4 follows. By Claim 4, G − e is not
any ﬂower. This contradiction completes our proof. 
Remark 2. The lower bound on |G| in Theorem 2.2 is sharp. In other words, for any integer
n with 2mn3m − 3 there exists graph G such that |G| = n and G is not any ﬂower but
G contains no Rm-edge cut. A class of graphs can be constructed as follows as examples.
Let Q,H and M be three connected graphs of order at most m − 1 with the property that
|Q| + |H | + |M| = n; let u, v and w be three vertices such that u ∈ V (Q), v ∈ V (H) and
w ∈ V (M); join u, v and w into a 3-cycle to get a new graph G. Clearly, |G| = n and G is
not any ﬂower but G contains no Rm-edge cut.
3. Sufﬁcient and necessary condition
In this section, we present some sufﬁcient and necessary conditions for a graph to contain
Rm-edge cuts. If we deﬁne a connected vertex-induced subgraph of order m of graph G as
one of its m-component, then we have the following theorem.
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Theorem 3.1. LetG be a connected graphwith order at least 2m.ThenG containsRm-edge
cuts if and only if it has a spanning tree not isomorphic to any ﬂower.
Proof. Necessity: Let G be a connected graph postulated in the theorem, and let S be one
of its minimum Rm-edge cut. Removing all but one edge of S from G we derive a subgraph
F, then any spanning tree of F is a spanning tree of G not isomorphic to any ﬂower.
Sufﬁciency: Let T be a spanning tree of G not isomorphic to any ﬂower, and let e ∈ E(T )
be an edge of T such that the two components of T − e has minimum order difference.As is
showed in the proof of Theorem 2.2, edge {e} is anRm-edge cut of T. Let S=E(G)−E(T ),
then the edge set {e} ∪ S is an Rm-edge cut of G. 
Three sufﬁcient conditions are listed below, among which Corollary 3.2 follows directly
fromTheorem 3.1, and Corollary 3.3 is an immediate consequence of Theorem 2.2, we thus
omit their proofs here.
Corollary 3.2. Let G be a connected graph with order at least 2m. If there is a path of
length at least 2m − 1 in G, then G contains Rm-edge cuts.
Corollary 3.3. Let G be a 2-connected graph. If G has order at least 3m − 2, then G
contains Rm-edge cuts.
Corollary 3.4. Let G be a connected graph of order at least 2m. If G has minimum degree
at least m, then G contains Rm-edge cuts.
Proof. If G is 2-connected, by Dirac’s result [4] that if G is a simple nonseparable graph
with minimum degree at least m then G contains either a cycle of length at least 2m or
a Hamilton cycle, we see that G contains a cycle of length at least 2m. Clearly, graph G
contains an Rm-edge cut in this case. If there is a cut-vertex w in G, since G has minimum
degree at least m, every component of G\w has order at least m. An Rm-edge cut can be
easily found in this case. Corollary 3.4 follows. 
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